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Abstract. The inertial range scaling of certain mixed third-order moments of velocity and magnetic field fluctuations in 
a turbulent MHD plasma such as the solar wind is related to the energy dissipation rate of the turbulence. We have used 
this relation to measure energy dissipation rates in the solar wind and other statistical methods to estimate the accuracy 
of these measurements.  This paper reviews results we and others have recently published, and some new results. 
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INTRODUCTION 

Fluctuations in solar wind velocity and magnetic 
field on scales of ten seconds to hours are thought to 
be part of a turbulent cascade of energy and cross-
helicity from larger to smaller scales.  In his theory of 
homogeneous and incompressible isotropic 
hydrodynamic turbulence, Kolmogorov derived from 
the Navier-Stokes equations the exact “4/5 law” that 
the (signed) third-order moment of the velocity 
increment in direction L, on scale L, <(ΔV(L))3> = –
0.8 εL, where ε is the energy injection rate. [Note: this 
is NOT the third moment used in intermittency studies 
of the slope of the structure function. Such work uses 
the absolute value of fluctuations, not the signed 
fluctuations, and is larger in magnitude.]  The power 
spectrum of the fluctuations is predicted to be 
proportional to k–5/3, but that alone does not indicate 
the presence of a turbulent energy cascade.   

The objective of our work reviewed here is to 
verify that the relevant MHD third moments in the 
solar wind are not zero and do scale linearly with lag, 
as they would in an inertial cascade (but not in a field 
of randomly phased waves with the same power 
spectrum), and to then apply the complete anisotropic 
MHD version of the Kolmogorov 4/5 law to determine 
the energy cascade rate in the solar wind. 

THIRD MOMENT IN MHD 
TURBULENCE THEORY 

Politano and Pouquet (1998) showed that for 
homogeneous, incompressible and isotropic MHD 
turbulence in the inertial range, the MHD equations 
imply that the pair of vector third moments of 
fluctuations,  at lag 
vector L obey the pair of vector differential equations 

   ,       (1) 
where  are the pseudoenergy dissipation rates of 
fluctuations in the two Elsasser variables 

. Taking differences in the solar wind 
parameters measured at a single spacecraft, 
 . 

 The two equations (1) mix the fluctuations in 
plasma velocity and magnetic field but can be re-
combined to yield separate equations for the energy 
dissipation rate and the dissipation rate of cross 
helicity, using 
        (2) 

and  .   
Note that D3, which may be called the energy flux 

in lag space, is even in magnetic fluctuations, but has a 
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cross-helicity term. We have calculated these vectors 
and estimated the energy dissipation rates in different 
classes of solar wind turbulence using Elsasser 
variables from all of the data from the ACE spacecraft 
at L1 in the ecliptic, and lately with some Ulysses data 
at high latitudes in 1996 [see REFERENCES]. 

 

Isotropic and Hybrid Data Analysis 
Methods 

If the turbulence is isotropic, only the radial 
components enter equation (1), and the  in the solar 
wind can be determined from the isotropic scaling 
with τ: .  
Because solar wind turbulence is not isotropic, it is 
important to correctly handle the anisotropy in D3 
when estimating .  Also, it is interesting to examine 
the anisotropy in the vector field D3(L) as a clue to 
how the power spectrum anisotropy arises. If we may 
at least assume that SW turbulence is axi-symmetric 
around the local mean magnetic field, with separate 
dependence on the lag components parallel and 
perpendicular to the local magnetic field, then we may 
write , where the unit 
vector / is along the solar wind component 
perpendicular/parallel to the local mean magnetic 
field. We have looked at the scaling of the 
perpendicular component with perpendicular lag, and 
of the parallel component with parallel lag in 
MacBride, et al (2008) and Stawarz, et al. (2009). To 
the extent that each D is linear in the lag in that 
direction, the hybrid expression is 
 

   . 
 

Methods and results of this method are discussed at 
length in MacBride et al. (2005, 2008), Podesta, et al. 
(2007) and Stawarz, et al. (2009), but are outside the 
scope of this paper. 

Uncertainty in estimates of the third 
moment: calculating “error bars” 

We were at first surprised that several months of 
64-second ACE data was usually needed for the 
calculated third moments to converge (i.e., stabilize 
with the addition of more data), forcing us to derive a 
method to test convergence to a reliable third moment 
and to find how to estimate its uncertainty.  In 
MacBride et al. (2005, 2008), we estimated the best 
value by calculating third moments for 100 or more 2-

day subsets and taking their average.  In Stawarz et al. 
(2009), we use 12-hour subsets and again take their 
mean as the best value of the third moment, and 
estimate the uncertainty in the third moment as the 
standard error of the mean, σ(D3)/√N.  

In Podesta, et al. (2009) we investigate the 
mathematics of convergence of third moments, by sub-
setting data and estimate the uncertainties or error bars 
of third-order moments computed from experimental 
data.  The ratio  for various turbulent HD and 

ACE velocity data sets decreases as   where N 
is the number of data points per subset, and the 
constant is a few hundred, so that about 106 data points 
are needed for 30% accuracy  (Podesta, et al. 2009; 
Stawarz, et al. 2009).  This large number is 
characteristic of turbulence in the solar wind in the 
ecliptic at 1 AU and for determining signed third  
moments of certain wind-tunnel turbulence. 

Without dividing into sub-sets, the uncertainty in  

 where D6 is the sixth moment and NC is 

the number of correlation lengths of  in the 
whole data set (Podesta,et al. 2009; Stawarz, et al. 
2009). Because of intermittency and other effects, the 
sixth moment is large and many data points are needed 
for a reliable estimate of D3.  For ACE 64-second data 
over 200,000 points are required. 

 

RESULTS 

1. Solar Wind in the Ecliptic at 1 AU 

As shown in figure 1, the scaling of the third 
moment for energy is close to linear in lag in the 
inertial range as  theory predicts (we studied 64 
seconds to 2 hours), confirming that the fluctuations 
are not random, but part of a direct cascade of 
turbulent energy from larger to smaller scales 
(MacBride, et al. 2008). 

As also shown in figure 1 and in figure 2, the third 
moment for energy is anisotropic, with the parallel 
cascade dominating in slow solar wind and the 
perpendicular cascade dominating in fast solar wind  
(MacBride, et al., 2008). 

The average turbulent energy cascade rate shown 
by year in figure 3 did not vary greatly from 1998 to 
2004.  (MacBride, et al. 2008) As shown in figure 4, 
the energy dissipation from the turbulent cascade, 
presumably heating the solar wind locally, increases 
linearly with VswTsw, where Tsw is the solar wind 
temperature, and agrees closely with the values 
inferred in studies of the radial variation of solar wind 
temperature (Stawarz, et al., 2009).  
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FIGURE 1. Lower four rows: Mixed third moments of 
velocity and magnetic fluctuations in solar wind in 1998-
2004 measured at ACE in the solar wind at the L1 point 
between Earth and Sun. D3out is identified by blue squares, 
D3in by red triangles and D3 by circles. Rows 2 and 5 show 
linear scaling, allowing єout/in to be measured. Each curve is 
113 values at 64n seconds lag, where 1≤n≤ 113.  Each value 
is the average of   estimates from 1134 intervals of 2 days 
each. Top row: Second moments S2out/in(τ) of fluctuations in 
Zout/in and their power spectral density PSD(f) show 
Kolmogorov scaling: τ2/3, f–5/3. (From MacBride, et al. 2008.)  

 

FIGURE  2. Same data as figure1, but averages made for 
intervals in different types of solar wind, and the anisotropic 
contributions are called out. (From MacBride, et al. 2008) 

 

FIGURE  3. Same data as figure 1, but averages made by 
year.  Curves with blue squares are for outward-propagating 
fluctuations, red triangles for inward-propagating, and black 
circles is their average, the energy dissipation rate.  Dashed 
line is for radial velocity fluctuations alone. (From 
MacBride, et al. 2008) 

2. Ulysses data out of the Ecliptic 

Ulysses data is especially interesting for third 
moments because of the long intervals at solar 
minimum in wind of high but fairly constant wind 
speed and unipolar magnetic field which dominate 
most of the heliosphere.  However, Ulysses presents a 
special challenge for calculating reliable third 
moments, because of its low and variable plasma data 
cadence (4 or about 8 minutes, sometimes longer) and 
1 hour cadence of the available merged MAG and 
plasma data set, while the upper scale of the inertial 
range is only about 1 hour.  It is also incorrect to infer 
in-situ heating rates from moments other than D3, as 
defined in equation (2).  These limitations were 
ignored in the study by Sorriso-Valvo et al. (2007).  
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FIGURE 4. ACE merged data (MAG + SWEPAM) 1998-
2007.  Averages made in ranges of the “VT” of each 12-hour 
interval. Black crosses are values of proton heating rate 
inferred from observed non-adiabatic variation of proton 
temperature with radial distance.  (From Stawarz et al. 2009) 

 
D3 (see Equation 2) and its error bars can be 

calculated by the methods we developed, but at lags  
longer than a hour or so, no legitimate inference can be 
made from D3 to the energy cascade rate because the 
theory does not apply to scales outside the inertial 
range.   Figure 5 shows third moments calculated 
using an 8-minute data set merged by CWS and JES 
from available Ulysses data.   

 

 
FIGURE 5. Third moments of Z+ and Z– fluctuations in 
Ulysses data, and linear fit to their average. 
 

The slope in Figure 5, with wind speed 750 km/s, 
yields ε = 170 ± 80 Jkg–1s–1.  This preliminary result is 
much smaller than any we have measured in the 
ecliptic and bears further study.   

CONCLUSIONS 

The exact laws for third-order moments in 
incompressible MHD turbulence in the inertial range 
have been used to measure the energy cascade rate in 
solar wind turbulence in various types of solar wind.  
This work has established the existence of an 
anisotropic turbulent energy cascade in the solar wind 
that is sufficient to account for the observed heating of 
solar wind plasma in the ecliptic from 0.3 to 1 AU.  
Statistical techniques to estimate the uncertainties in 
measuring third moments were developed and used. 
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